We construct an explicit representation of the algebra of local diffeomorphisms of a manifold with realistic dimensions. This is achieved in the setting of a general approach to the (quantum) dynamics of a physical system which is characterized by the fundamental role assigned to a basic underlying symmetry. The mathematical formalism developed addresses the relevant gravitational notions by means of the addition of some extra structure. The specific manners in which this is accomplished, together with their corresponding physical interpretation, lead to different gravitational models. Distinct strategies are in fact briefly outlined, showing the versatility of the present conceptual framework.
Introduction
A model for space-time dynamics in 1 + 1-dimensions was introduced in Ref. 1 . The present paper studies the necessary extension to realistic dimensions of the involved mathematical structures together with their physical implications.
The original work was conceived as a directly quantum formulation of the physical system, rather than a quantization of a previously devised classical theory. The rationale for such a construction was the fundamental role attached to the notion of symmetry in the characterization of the dynamics. Specifically, group cohomology governing the structure of the central extensions became the guiding principle in the identification of those dynamical degrees of freedom building the phase space. The we are using as a starting point. It also includes a brief explanation on the role of local gauge groups in the GAQ treatment of gauge theories. Section 3 recovers a more formal style and includes our main results, i.e. the dynamics associated with the Lie algebra proposed in the previous section. This will be done both at the semi-classical and quantum level. In particular, a maximum-weight representation of an (noncentrally) extended diffeomorphism algebra will be explicitly constructed. Section 4 contains the corresponding physical discussion, while the conclusions will be presented in Sec. 5.
General Setting

Technical formalism: GAQ
We briefly describe the basics of the Group Approach to Quantization (GAQ), a formalism that surpasses its role as a technical device, deeply influencing and guiding the conceptual understanding of the physical dynamics construction.
The starting point is a Lie groupG with a U(1)-principal bundle structure with base G. This bundle possesses a connection one-form Θ, which generalizes the Poincaré-Cartan form Θ PC , i.e. the (pre-)contact form of time-dependent dynamics. This connection also plays a main role in the quantization procedure, and is (naturally) selected among the components of the left-invariant, Lie-algebra valued, Maurer-Cartan one-form, in such a way that Θ(Ξ) = 1 and Θ(X TakingG as a central extension of G by U(1) (the tilde will denote extended objects throughout), we consider the space of complex functions Ψ onG satisfying the U(1)-equivariance condition, i.e. Ψ(ζ * g) = ζΨ(g), ζ ∈ U(1), g ∈G. On this space, the left translations onG (generated by right-invariant vector fieldsX R ) realize a representation of the group which is in general reducible. Right translations, generated by left-invariant vector fieldsX L , do commute with the left ones on any Lie group. Therefore, certain subgroups, called polarization subgroups G P , can be chosen to perform a reduction of the representation through the so-called polarization conditions, following the language of Geometric Quantization, 8 which are implemented by left-invariant vector fields. This defines a reduced subspace of wave functions, H, satisfying Ψ(g * G P ) = Ψ(g) (or infinitesimally LXLΨ = 0, ∀X L ∈ G P , where G P is the Lie algebra of G P ).
In the finite-dimensional case, the Hilbert space structure on the space of wave functions is provided by the invariant Haar-like measure constructed from the exterior product of the left-invariant canonical form components, Ω L ≡ θ
On the reduced space H (at least for the case of first-order polarizations), the existence of a quasi-invariant measure is granted, since the wave functions have support on G/G P , which is a homogeneous space. However we shall deal here with an infinite-dimensional symmetry whose associated representation space
is given by an orbit of the group through a (unique) vacuum state. This allows the introduction of a Hilbert product by fixing the normalization of that vacuum and imposing a rule of adjointness for the basic operators. The classical theory for the system is easily recovered by defining the Noether invariants as N g i ≡ iXR g i Θ. They are in fact invariant under the evolution generated by vector fields inside G Θ ≡ Ker Θ ∩ Ker dΘ, which define the generalized equations of motion. The classical phase space is given by G/G Θ (see Ref. 3 and references therein). A Poisson bracket can be introduced (defined by dΘ) in such a way that the Noether invariants generate a Lie algebra isomorphic to that ofG.
Starting algebra
The choice of the starting Lie algebra, defining the fundamental symmetry underlying the system, will be guided by the attempt to implement our basic goals.
Generalization of Virasoro algebra
Firstly, the generalization of the Virasoro algebra, together with the desire to analyse a potential physical breakdown of the diffeomorphism invariance in realistic space-time dimensions, suggests the adoption of the local diffeomorphism algebra of a d-dimensional manifold M (d ≥ 2) as a natural departure point. This algebra, denoted by Vect(M ) in Ref. 9 , is simply given by vector fields on M with the natural Lie product,
where
The analysis of the associated dynamics is more easily developed by fixing a basis for the vector fields. When choosing L µ (m) = ie
The cohomological analysis of this algebra rules out the possibility of nontrivial central extensions (d ≥ 2), which is not a fundamental drawback for the construction of the corresponding dynamics, as will be explicitly shown at the end of this section. Noncentral extensions must be considered if we wish to enrich the dynamics, entailing the introduction of new fields in the model. A particular class of these extensions, the tensorial ones, are studied and classified in Refs. 10 and 11 providing a variety of possibilities from which to choose. Here we shall consider the simplest extension, represented by a generator S ρ (m). This option constitutes in fact a direct generalization of the cubic cocycle of the Virasoro algebra, reducing to it in the one-dimensional case (in precise terms, a closure condition must be imposed to S ρ (m)). The Lie algebra is given by
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Contact with the interaction mixing problem
Secondly, for our purpose of relating this algebra to the works in Ref. 4 , let us briefly sketch a comparison between the ways in which field degrees of freedom are handled in the standard approach to (Yang-Mills) gauge theories and in GAQ.
In an oversimplified version of the former, which omits all technical and conceptual subtleties, the field degrees of freedom are constructed in terms of the components A a µ (gauge fields) of a connection on a principal bundle, with U as the structure group and the space-time M as its base. These modes couple to the matter degrees of freedom, living on an associated vector bundle, by means of the so-called minimal coupling, technically implemented by replacing the partial derivatives in the matter Lagrangian with a covariant derivative defined in terms of the connection (very roughly, ∂ µ → (∂ µ + A µ )). The Lagrangian giving the intrinsic dynamics of the gauge fields is defined as a function of the curvature F µν of the connection form.
12 This description of the system is overcomplete since not all the field degrees A a µ are in fact physical. Two connections A µ and A µ are physically equivalent if they are related by the action of the gauge group (locally identifiable with Map(M, U )),
Taking quotient by the orbits of the gauge group, we obtained the reduced or physical phase space.
The whole spirit and structural description changes in the GAQ. Instead of a space of field degrees of freedom parametrized by A µ , on which a Lagrangian L is defined and which must be reduced according to the action of a given gauge group, in GAQ, all these elements must be merged into a single centrally-extended group G. The dynamics, as well as the identification of the physical degrees of freedom, must follow from the algorithm described in the previous subsection. There is no obvious way of endowing the connection components A a µ with a group law structure, closing, in addition, a Lie symmetry with the gauge group Map(M, U ). An explicit solution to this problem, not necessarily unique, is presented in Refs. 5 and 6. The price we must pay for closing such a unified Lie structure is the loss of a clean distinction at the group law level between the degrees of freedom corresponding to the gauge fields (the "connections") and the parameters corresponding to the gauge group. These modes are subtlely intertwined in such a way that a transfer of dynamical content occurs between them. To fix ideas, we comment on the simplest case of a local U(1) gauge group in the unified treatment of the electromagnetic and Proca fields.
5 Working in momentum space and parametrizing the gauge fields by a µ (k) and a † µ (k), and the U(1) parameters by φ(k) and φ + (k), the corresponding group law implies at the Lie algebra level the following commutators,
is the generalized delta function on the positive sheet of the mass hyperboloid. The second commutator in the first line explicitly shows the nonempty symplectic content of φ(k), whereas those in the second line imply the above-mentioned mixing between the a µ (k) and φ(k) variables. The diagonalization of the cocycle when determining the canonical symplectic variables entails the transfer of dynamical content between modes. The generators playing the role of authentic gauge tranformations in this setting (they leave the reduced physical phase space invariant pointwise) are in fact,
which imply the equivalence condition,
together with its Hermitian conjugate, where c(k) is the evolution parameter of thẽ X L c(k) vector field. They simply represent the momentum version of the standard gauge transformations.
The only aim in the preceding discussion was that of underlining the importance of a good understanding of the (abstract) intrinsic dynamics associated with the local gauge group, determined by its extensions, when we address gauge theories in the GAQ formalism.
With respect to the idea of mixing external and internal interactions as described in Ref. 4 , the relevant gauge invariance groups were determined from the local current algebras F(M ) ⊗ G, where F(M ) is the real functions on M and G the Lie algebra of the rigid part of the gauge group. Choosing a realization {X a } for the latter, we have:
The gravitational interaction was addressed by making the rigid translation group local. Choosing ∂ µ as a realization for its generators, the corresponding current algebra turns out to be isomorphic to the local diffeomorphism algebra (1). Therefore, in the study of Gravity as a gauge interaction with a gauge group obtained by making the space-time translations local (Ref. 7 and first part of IIIA in Ref. 13 ), the analysis of the intrinsic dynamics derived from the diffeomorphism algebra plays a fundamental role in a GAQ setting. The modes L µ (m) are just the analogue to φ(k) in the electromagnetic case. Of course, it represents only an intermediate step, since the gauge fields analogue to a µ (k) should be introduced consistently at a second stage. The mixing of gravitational and electromagnetic interactions in Ref. 4 occurred through the weaving together the corresponding current algebras. In order to consider such a possibility, we introduce the new generators f ⊗ Ξ corresponding to the Extended Diffeomorphism Algebras in (Quantum) Gravitational Physics 5801 local U(1). In the momentum space we are dealing with, their expression is A(m) and the new commutators are given by
where we have taken advantage of the possibility of introducing a new (and independent) extension in the U(1) sector implemented by the already present S ρ (m) generators. Therefore, our starting algebra is given by commutators (3) + (8).
Central extensions
Since we need a U(1)-centrally extended group in order to employ the GAQ, the starting Lie algebra should present central terms in the commutators. The central terms that cannot be eliminated by a linear change of basis in the Lie algebra are controlled at the group level a by the nontrivial two-cocycles in the second cohomology group of the nonextended Lie group G, H 2 (G, U (1)). But these are not the only cocycles capable of creating dynamics. In fact, and it is especially important in the case of Lie groups with trivial cohomology, those coboundaries ξ λ generated by a function on the group λ such that ∂λ(g) ∂g i g=e = 0 lead to dynamics on phase spaces which are symplectomorphic to the coadjoint orbits of the group. Of course, these coboundaries generate central terms at the algebra level that could be eliminated by linear changes, so they are consistently trivial from the standpoint of the Lie structure. Nevertheless, they have crucial consequences on the polarization conditions and, therefore, at the representation level. We can reverse the reasoning and consider that, once the algebra has been (trivially or not) extended by a central U(1) group, a linear change in the algebra involving the central generator will be associated with one of those coboundaries creating dynamics. These subclasses inside H 2 (G, U(1)) were first introduced in Ref. 14 in association with some coboundaries ξ λ , which become nontrivial cocycles ξ c after an Inönü-Wigner contraction takes place, and have been fully studied in connection with coadjoint orbits in Ref. 15 . The simplest example of the latter is the Poincaré group whose pseudo-cohomology goes to the true cohomology of the Galilei group. 16 For finite-dimensional semi-simple groups, pseudo-cohomology is also related to the Cech cohomology of the generalized Hopf fibrations by the Cartan subgroups H, G → G/H.
17
The algebra (3) + (8) we are using as the starting point does not present the central extension structure we need in order to derive the dynamics. In fact, no nontrivial extensions exist when the space-time dimension is higher than one. Therefore, we take advantage of the above-discussed pseudo-cohomology to add a new central generator Ξ to the Lie algebra in a direct-sum way. We then perform the linear change
which will give rise to one of the dynamically nontrivial coboundaries, after exponentiation.
Dynamics
As we have seen, the starting point for the whole construction is the explicit group law of the Lie symmetry defining the physical system. In the previous section we worked only at the algebra level. Thus, the first step now is to exponentiate it to a finite group law. This entails the complications derived from dealing with infinite-dimensional Lie algebras. We shall face this difficulty by using a perturbative order-by-order construction of a formal group law, 18 as described in Ref. 17 . With the use of an index µ(m) for L µ (m),μ(m) for S µ (m), m for A(m) and ϕ for Ξ, the structure constants in this basis are (there is a harmless global redefinition by a minus sign related to the particular exponentiation technique we are going to employ):
We use them to construct a formal group law, g = g * g, up to the third-order in the group variables. We associate the variable l µ (m) with the generator L µ (m), s µ (m) with S µ (m), a(m) with A(m) and ϕ with Ξ, obtaining
Using this, we compute the left-invariant vector fields,X
and also the right-invariant vector fieldsX
Analogously, the quantization one-form, Θ = θ
Semi-classical formalism
Except for critical combinations of the pseudo-cohomology parameters (related to possible anomalies), which we are not going to focus on here, the simultaneous kernel of Θ and dΘ is spanned by
, and denoted by G Θ . These vector fields are the generators of the generalized equations of motion, the classical phase space being given by G/G Θ . The Noether invariants under these classical trajectories are
Finally, the Noether invariants associated with the vector fields inside G Θ can be written in terms of the remaining (basic) Noether invariants, which can be used as coordinates in the solution manifold. Up to the second order (inherited from the third order in the group law) we find
Quantum analysis
The regular representation is originally realized on those complex functions defined on the extended group which satisfy the U(1)-equivariance conditioñ
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We shall implement the easiest polarization conceivable in this context. To do so, we introduce the following notation: given a vector m = 0, let us call m f the first nonzero entry m i . For m = 0, let m f = 0. Now we introduce the following polarization:
defining the polarization equations:
A general solution can be written as a linear combination:
where the functions in the basis | · · · are already polarized and in fact present a product structure in terms of the functions {· · ·} that we are giving below; they share a common weight function W depending on the representation:
The explicit forms of the corresponding functions are,
Extended Diffeomorphism Algebras in (Quantum) Gravitational Physics 5809
The action of the starting algebra is implemented by the right-invariant vector fields in such a way that those vector fields with m f ≤ 0 act as raising operators and those with m f > 0 are lowering operators. Finally, the explicit action of these right-invariant vector fields on the lowest-order functions of the reduced Hilbert space isX
where |0 behaves as a vacuum state and is unique by construction. The action on higher-order functions is limited by the initial perturbative development in the group law. Apart from that, its computation is completely straightforward, though highly tedious. As stated in the introduction, the Hilbert product · · · | · · · is introduced by imposing 0|0 = 1 and specifying the adjoint operator for each one. In order to do so, we set the notation
and establish the corresponding adjoint operatorŝ
An immediate consequence of imposing positivity on the scalar product is an actual restriction on the possible values of the central extension parameters α, C ρ , C ρ , which would be the higher-dimensional analogues to the conditions on (c, h) in the Virasoro algebra case. In particular, lower bounds for C ρ ,C ρ must exist, since they generalize c, h. More generally, an exhaustive analysis of unitarity and/or irreducibility can be accomplished by finding the algebraic conditions (which would generalize the Kac determinant formula) for the existence of higher-order polarizations. This can be achieved by following identical steps to those given for the Virasoro group in Ref. 19 . Higher-order polarizations techniques guarantee irreducibility as they trivialize null-vector states.
Physical Interpretation
As mentioned in the Introduction, in the higher-dimensional case, we no longer have the connection with Physics provided by the Polyakov action. Consequently, we have not developed the analysis of the semi-classical situation nor constructed a Lagrangian, limiting ourselves to the presentation of the Noether invariants defining the symplectic structure. Therefore, the link between the abstract group parameters and the metric ingredients, needed to make contact with a gravitational theory, is less obvious. In fact, the present model is more properly interpreted as a kind of topological theory, though with local degrees of freedom, where a metric notion must be recovered by imposing a constraint (in the spirit of General Relativity from BF theory [20] [21] [22] ) or by adding an extra structure. Here, we present different situations framed in a gravitational setting where the mathematical construction we have developed plays a significant role.
Space-time with boundary conditions
Perhaps the most conservative application of the mathematical formalism developed in the previous section takes place in the context of standard General Relativity when boundary conditions play a significant role. The study of the solution space of the (classical) theory in these scenarios shows that, due to these conditions, some of the diffeomorphisms are not generated by the constraints of the theory 23 and therefore the former are not gauge transformations. Consequently, they actually move the solution space and constitute a dynamical symmetry. In fact, in some models, such as asymptotic Anti-de Sitter solutions to 2 + 1 gravity, 24, 25 which can be treated as a Chern-Simons theory, or some treatments of black-hole entropy, 26 these diffeomorphisms parametrize the phase space of the theory providing the physical degrees of freedom. This identification of the solution space is a crucial first step for the quantization of the theory.
Abstract models for diffeomorphism dynamics such as the one presented above could prove to be useful in situations where the presence of more general boundary conditions confers a dynamical content to other subgroups of the diffeomorphism symmetry. We cannot avoid the impression that the limits in the application of these kind of techniques to more general scenarios is more related to our poor technical skills beyond the Virasoro symmetry than to actual conceptual problems.
